The methods to classify extremal unimodular lattices with given automorphisms are extended to the situation of modular lattices. A slightly more general notion than the type from the PhD thesis [10] is the det-type. The det-type of an automorphism on L determines the one of all partial dual lattices of L. This easy observation allows to exclude quite a few det-types of automorphisms left open in [10]. Passing to suitable p-maximal lattices, extremal ℓ-modular lattices of composite level ℓ = 14 and ℓ = 15 of dimension 12 and the ones of level ℓ = 6 and dimension 16 are classified.
Introduction
The study of densest sphere packings in Euclidean space is a classical mathematical problem. Whereas trivial in dimension 1 and easy in dimension 2 this is already a very hard problem in dimension 3, known as the Kepler problem. The (uncountable many) densest packings in Euclidean 3-space have been classified only 15 years ago by Thomas Hales [9] . The sphere-packing problem becomes much easier if one restricts to regular (or lattice) packings, where the centers of the spheres form a finitely generated subgroup of Euclidean space, a so called lattice. The densest lattices are known up to dimension 8 and in dimension 24 (see [4] ). The papers [33] and [5] prove that the lattice packings in dimension 8 and 24 realize in fact the densest sphere packings in their respective dimensions. The underlying lattices, the famous E 8 lattice and the Leech lattice Λ 24 , are extremal even unimodular lattices. Even unimodular lattices are positive definite regular integral quadratic forms. They exist only when the dimension is a multiple of 8. A full classification is known in dimension 8, 16 and 24, see Section 2.3 below. The theory of modular forms allows to show that the minimum of an even unimodular lattice of dimension n is bounded from above by 2 + 2⌊ n 24 ⌋, lattices achieving equality are called extremal. As the minimum of a unimodular lattice determines its density, the extremal lattices are the densest even unimodular lattices in their dimension. In the jump dimensions, the multiples of 24, one knows only 6 extremal lattices, the Leech lattice Λ 24 , the unique 24-dimensional unimodular lattice of minimum 4, four lattices, P 48q , P 48p [6] , P 48n [19] , P 48m [17] , in dimension 48 and one lattice, Γ 72 [21] , of dimension 72. In [16] the author started a long term project to classify extremal lattices with given symmetry which also led to the discovery of P 48m . The thesis [10] applied the techniques from [16] to the more general situation of extremal ℓ-modular lattices (see Definition 2.2) .
The present paper aims to give a few easy more general techniques for the use of automorphisms to classify such extremal lattices. We try to be very brief and not to overload the paper with definitions. The interested reader is referred to the textbooks [14] (for more geometric properties of lattices), [7] (for the relations between lattices and modular forms), [13] and [25] (for the arithmetic theory of quadratic forms) and also the famous collection [6] . The most important notions are given in Section 2 which also lists the current state of knowledge on extremal lattices in Section 2.3. One highlight of the paper is Section 4. Passing to the maximal lattice at a suitable prime divisor of ℓ allows to classify certain extremal ℓ-modular lattices of composite level ℓ in a few minutes computer calculations, thus providing new complete classifications to Section 2.3.
The main notion to deal with automorphisms is the one of the type of an automorphism σ of prime order p of the lattice L introduced in [16] (see Section 5.1). It is independent of the quadratic form on L and determines the Z p [σ]-module structure of Z p ⊗ Z L.
A finer information than the type is the det-type, introduced in [10], where it is called type. The det-type of a lattice determines the det-type of all its partial dual lattices (Theorem 5.9). For extremal strongly ℓmodular lattices all these partial dual lattices are again extremal. This observation allows to exclude quite a few possibilities for det-types of automorphisms that are left open in [10] , see Section 8 for examples.
Lattices
Throughout this paper let (V, Q) be a positive definite rational quadratic space of dimension n. So Q : V → Q is a rational quadratic form such that Q(v) ≥ 0 for all v ∈ V with equality if and only if v = 0. The associated bilinear form will be denoted by (, ), so
A lattice L in V is a finitely generated subgroup of V of full rank. As Z is a principal ideal domain, there hence exists a basis B :
The basis B is then called a lattice basis of L and its Gram matrix ((b i , b j )) 1≤i,j≤n a Gram matrix of L. The determinant of L is the determinant of any of its Gram matrices and the minimum of L is
The dual basis of any lattice basis of L is a lattice basis of L # . The level ℓ of an even lattice L is the minimal natural number ℓ such that the rescaled dual lattice (ℓ) L # := (L # , ℓ(, ))
is an even lattice. In particular even lattices of level 1 are precisely the even unimodular lattices, they satisfy L = L # . The following result is well known (see for instance [14, Proposition 1.3.4]):
Genera of lattices and the mass formula. Two lattices
is called the automorphism group Aut(L). This is always a finite unimodular group.
The lattices L and M in V are said to be in the same genus, if the p-adic completions Z p ⊗ Z L and Z p ⊗ Z M are isometric for all primes p. A genus of lattices contains only finitely many isometry classes, if L 1 , . . . , L h represent these classes then
is called the mass of the genus. This rational number can be calculated directly from the local invariants of the genus, without knowing the L i . As |Aut(L i )| ≥ 2 for all i, the class number, h, is always at least twice the mass of the genus. For more details we refer to [25, Section 102] or [13, Chapter VII-X]. The latter reference, [13, Section 28] , also describes an algorithm, the Kneser-neighbor-algorithm, that is used to enumerate all isometry classes of lattices in a genus. This algorithm is available in Magma [3].
2.2.
Extremal strongly modular lattices. Let ℓ be a square-free integer and let L be an even lattice of level ℓ. For a divisor d of ℓ, the the partial dual lattice, L #,d is defined as L #,d := L # ∩ 1 d L. The lattice L is called strongly ℓ-modular, if L is isometric to all its rescaled partial dual lattices, i.e. for all d | ℓ we have L ∼ = (d) L #,d .
The notion of strongly ℓ-modular lattices generalizes the one of pmodular lattices (p a prime) from [26] and was introduced in [27] . In this paper Quebbemann shows the following generalization of Siegel's [32] result for unimodular lattices.
Let ℓ be a square-free integer such that the divisor sum σ 1 (ℓ) := d|ℓ d divides 24 and let L be a strongly ℓ-modular lattice of dimension n. Then
24σ 0 (ℓ) ⌋ where σ 0 (ℓ) := d|ℓ 1 is the number of divisors of ℓ. Strongly ℓ-modular lattices achieving equality are called extremal.
As σ 1 (ℓ) divides 24, the number J(ℓ) := 24σ 0 (ℓ) σ 1 (ℓ) is an integer. The extremal ℓ-modular lattices where the dimension n is a multiple of J(ℓ) (these dimensions are also called the jump dimensions) are of particular interest, as their minimum is strictly bigger than the one of smaller dimensional ℓ-modular lattices.
For a survey of the relation between lattices, modular forms and spherical designs the reader might want to consider my two articles [20] and [22] .
2.3. The known extremal lattices. As mentioned in the introduction, even unimodular lattices only exist in dimensions a multiple of 8. Up to dimension 24 all even unimodular lattices are classified, for higher dimensions, the mass formula ( [30] , [31] , see also [6, Chapter 16] ) gives a lower bound for the number of such lattices. Oliver King [11] refined this mass formula to count lattices of minimum > 2, which improves these bounds and also provides lower bounds on the number of extremal lattices in dimension 32. For dimension 40-80 we applied the Minkowski-Siegel mass formula to obtain the rough lower bounds in the table below. In the jump dimensions, the multiples of J(1) = 24, we list the number of known extremal lattices. In the other dimensions the symbol ∃ indicates that there are explicit extremal lattices known. 
The following table displays the known classification of strongly ℓmodular lattices for the relevant values of ℓ ≥ 2. The entries in the table either display the exact number of all extremal lattices or a lower bound. A "-" sign indicates that the extremal modular form has a negative coefficient, so no such extremal lattice exists. If an entry is empty, then there are no strongly ℓ-modular lattices of the given dimension. We also use different colours to indicate the extremal minimum, min=2,10, min=4,12, min=6,14, min=8,16 where, of course, the minimum increases downwards in a column. 
This table is available in the Catalogue of Lattices [23] . The complete classification results in this table are mostly obtained by a complete enumeration of the strongly ℓ-modular genus (see [28] , [29] ). For certain medium size dimensions, the class number of this genus is far too high to enumerate all lattices. Nevertheless a clever application of modular forms (see [2] ) allows to construct all extremal lattices in the cases marked by * . An "a" indicates that [10] gives restrictions on the order of the automorphism group of such lattices. For more precise results see below or the thesis [10] .
The classification of the extremal strongly 6-modular lattices of dimension 16 and the one of the extremal strongly 14-and 15-modular lattices of dimension 12 is described in Section 4 below. In particular the classification of extremal strongly ℓ-modular lattices is complete up to dimension m for (ℓ, m) as in the following table: In the jump dimensions there is a complete classification of all extremal ℓ-modular lattices for ℓ = 7, 11, and 23.
Maximal lattices
and L is maximal with this property, i.e. all proper overlattices M of L satisfy Q(M) ⊆ Z. It is well known (see [25, Section 82H] ) that the set of maximal lattices in (V, Q) forms a single genus of lattices. In general this maximal genus has the smallest possible mass among all genera of lattices in (V, Q), and one strategy to find all lattices in a given genus is to construct them as sublattices of the ones in the maximal genus. A related strategy is applied in Section 4 below.
Corresponding maximality questions in presence of a finite group G are treated in [15] . In particular [15, Lemma (1.2)] shows that a maximal even G-lattice (M, Q) in (V, Q) has a semisimple anisotropic discriminant group, so M # /M is a direct sum of simple ZG-modules
is an anisotropic quadratic F p -space allowing to conclude the following theorem. 
Strongly modular lattices of composite level
To classify extremal strongly ℓ-modular lattices L of composite level ℓ = 6, 14, 15 in medium size dimensions one may use the following strategy. If the genus containing the strongly ℓ-modular lattices is too big to be enumerated but the classification of p-modular lattices M is known for some p dividing ℓ, then one may construct L as a sublattice of ℓ/p-power index in M as illustrated in this section. Proof. Let L be such an extremal lattice. Then min(L) = 8 and hence min(L #,2 ) = 4 and there is a lattice M in the genus of even 7-modular lattices with L ⊆ M = M #,2 ⊆ L #,2 , in particular min(M) ≥ 4. The genus of M has class number 395 ( [28] , [3] ) and contains no lattice with minimum 6 (which would be extremal) and 49 lattices M of minimum 4 such that also the rescaled dual lattice (7) M # has minimum 4. Successively computing sublattices X of 2-power index in one of these 49 lattices M such that min(X #,2 ) ≥ 4 one finally reaches a unique strongly 14-modular extremal L. 
5.
Automorphisms of prime order 5.1. The type of an automorphism. Let L be a lattice and σ ∈ Aut(L) an automorphism of L of prime order p. As σ p = 1 the elements e 1 := 1 p (1 + σ + . . . + σ p−1 ) and e ζ := 1 − e 1 are orthogonal idempotents in the endomorphism ring of the Q σ -module V := QL giving the σ-invariant decomposition
such that the restriction of σ to V 1 is the identity and the restriction of σ to V ζ has minimal polynomial Φ p :
Put L 1 := L ∩ V 1 := {λ ∈ L | λσ = λ} the fixed lattice of σ in L and
its orthogonal lattice. As Le 1 = π V 1 (L) and Le ζ = π V ζ (L) Proposition 2.1 yields the following corollary.
The basis of the definition of the type is given in the following lemma (see for instance [16] , [10] ).
Lemma 5.2. With the notation above we have
and L is a full subdirect product of Le 1 and Le ζ in particular Le 1 /L 1 ∼ = Le ζ /L ζ as F p σ -modules. Moreover the integer
be the group ring of the cyclic group C p of prime order p over the ring of p-adic integers Z p . Then the indecomposable R-lattices are the free R-module R, the trivial R-lattice Z p and the lattice Z p [ζ p ] in the irreducible faithful Q prepresentation of C p .
By the theorem of Krull-Schmidt, the R-lattice Z p ⊗ Z L is isomorphic to a unique direct sum of indecomposable lattices: Remark 5.5. The type determines the isomorphism class of L as a Z p [σ]-module. In particular the type of L is the same as the one of any of its σ-invariant sublattices of index prime to p; and if L is an even lattice such that p does not divide its determinant, then the types of (L, σ) and (L # , σ) are the same.
The last sentence of the previous remark also holds if p divides the determinant of L:
Lemma 5.6. The type of (L, σ) equals the type of (L # , σ) and also to the type of all its partial dual lattices.
Proof. The σ-invariant quadratic form identifies the L # with Hom Z (L, Z) and also Z p ⊗L # with the dual module Hom Zp (Z p ⊗L, Z p ). As the indecomposable direct summands of Z p ⊗ Z L are self-dual, hence isomorphic to their dual as a Z p [σ]-module, one sees that Z p ⊗ Z L ∼ = Z p ⊗ Z L # as a Z p [σ]-module. For the partial dual lattice L #,d it is enough to note that
5.2.
The det-type of an automorphism. Whereas the type of an automorphism determines the Z p [σ]-module structure of Z p ⊗ Z L, the det-type depends on the F q [σ]-module structure of the Sylow-q-subgroup L #,q /L of the discriminant group L # /L. Here we assume that L is an even lattice of square-free level ℓ. For all prime divisors q of ℓ with p = q the Sylow-q-subgroup of the discriminant groups of L and its sublattice of p-power index L 1 ⊥ L ζ coincide. So If p divides ℓ we also put d 1 (p) := dim Fp ((L #,p ) 1 /L 1 ) and d ζ (p) := dim Fp ((L #,p ) ζ /L ζ ). Then we have for any prime divisor q of ℓ that q d 1 (q)+d ζ (q) = |L #,q /L| is the q-part of the determinant of L (for p = q this is investigated in more detail in [18] ).
Definition 5.8. Let σ be an automorphism of order p of an even lattice L of square-free level ℓ. Let ℓ = q 1 · · · q r be the prime factorization of ℓ and put
Theorem 5.9. Let σ be an automorphism of order p of an even lattice L of square-free level ℓ. If
is the det-type of (L, σ) then the det-type of ( (ℓ) L # , σ) is [p−(r ζ , n 1 )−s, q 1 −(n ζ −d ζ (q 1 ), n 1 −d 1 (q 1 )), . . . , q r −(n ζ −d ζ (q r ), n 1 −d 1 (q r ))].
Proof. By Lemma 5.6 the type of (L, σ) and the one of (L # , σ) are the same. To compute the det-type it is enough to deal with one prime at a time (formally we could just take the tensor product with Z q and deal with q-adic lattices). So assume that ℓ = q is a prime and put M := (q) L # . Then M # = M #,q = (q) ( 1 q L) and forgetting the quadratic
so the theorem follows from the fact that
and similarly for L ζ .
Automorphisms of order 2
Of course −1 is an automorphism of any lattice, the trivial automorphism of order 2, so it is impossible to exclude automorphisms of order 2. However, non-trivial automorphisms of order 2 usually yield quite restrictive conditions, e.g. for the extremal even unimodular lattices of dimension 48 there is only one possible type of such automorphisms, 2 − (24, 24) − 24, whereas for automorphisms of order 5 there are three different types occurring in the known lattices. One reason is the following lemma, which is a direct generalization of [16, Lemma 4.9] . 
with dim(N 1 ) = dim(M 1 ) + 2 and dim(N 0 ) = 2(m − 1). Note that (1/2) N 1 is an odd lattice as 1/2(v, v) ∈ Z * 2 . Since (N 0 , Q) is again regular, we may proceed by induction, until N 0 = {0}. Then the sublattice N of the lattice M is constructed as the unique lattice N with Z p ⊗ Z N = Z p ⊗ Z M for all primes p > 2 and Z 2 ⊗ Z N = N 1 .
If σ is an automorphism of type 2 − (n −1 , n 1 ) − s of a lattice L of odd determinant, then M = L 1 (σ) ⊥ L ζ (σ) satisfies the assumption of Lemma 6.1, in particular there is a sublattice (2) 
as abelian groups. 7. Extremal 11-modular lattices of dimension 14
The paper [24] uses Siegel modular forms of degree 2 to conclude the non-existence of an even 11-modular lattice of dimension 12 and minimum 8, so the first dimension where an 11-modular lattice of minimum 8 might exist is dimension 14. Applying the strategy of Section 3 and Section 6 we obtain: Proof. Satz 4.2.1 in [10] concludes that the only primes that divide the order of Aut(L) are 2 and 11. First we assume that there is σ ∈ Aut(L) of order 11. Then by Theorem 3.1 there is some maximal lattice M with σ ∈ Aut(M). As det(L) = 11 7 is an odd power of 11 the determinant of M is 11. There is one genus of even lattices of dimension 14 and determinant 11, its class number is 8 and there are 4 lattices admitting an automorphism of order 11, 2 of which have dual minimum ≥ 8/11, these have dual minimum 12/11 and the Sylow 11-subgroup of their automorphism group G is of order 11. For both lattices we take σ to be a generator of the Sylow 11-subgroup of G and compute the maximal σ-invariant sublattices N of M. It turns out to be easier to dualize the picture: Let D := (11) M # denote the rescaled dual lattice of M and denote the action of σ on D # /D ∼ = F 13 11 by X ∈ F 13×13
11
. Then (11) N # /D is a minimal σ-invariant isotropic subspace of D # /D. As (11) N # /D is a simple F 11 σ -module, the action of σ on (11) N # /D is trivial, so (11) 
. The normaliser N G ( σ ) acts on these one-dimensional subspaces in K, admitting only one orbit represented by an isotropic subspace (in both cases). This orbit corresponds to a lattice (11) N # = D, u of minimum 2. As this is smaller than 8, this gives a contradiction. Is remains to treat automorphisms of 2-power order. We first assume that there is σ ∈ Aut(L) with σ 2 = −1. Then σ acts on L # /L ∼ = F 7 11 with irreducible minimal polynomial X 2 + 1 ∈ F 11 [X] contradicting the fact that 7 is odd (see also Remark 5.7). To finish the proof we need to exclude non-trivial automorphisms of order 2. Let σ be such an automorphism of det-type [2 − (n 1 , 14 − n −1 ) − s, 11 − (d 1 , 7 − d 1 )] (with s ≤ min(n 1 , 14 − n 1 ), s ≡ 2 n 1 ). Then the det-type of ( (11) L # , σ) is [2−(n 1 , 14−n −1 )−s, 11−(n 1 −d 1 , 7−n 1 +d 1 )]. Applying the strategy of Section 6 we hence need to classify quadruples of 11-elementary lattices (U −1 , U ′ −1 , U 1 , U ′ 1 ) of minimum ≥ 4 and dimensions (n 1 , n 1 , 14−n 1 , 14− n 1 ) and determinants (11 d 1 , 11 n 1 −d 1 , 11 7−d 1 , 11 7−n 1 +d 1 ). By symmetry we hence may assume that n 1 ≤ 7 and d 1 ≤ n 1 /2.
By [6, Chapter 15, Theorem 13] there are always two genera of positive definite odd 11-elementary lattices of given dimension n and determinant 11 d (except for n ≤ 2 or n = d, where there is just one such genus). There is an additional genus of positive definite even lattices if n = 2k is even and k ≡ d (mod 2).
Enumerating all these genera we find one possible lattice U −1 of dimension 4, determinant 11 2 and minimum 4 and three such lattices U −1 of dimension 6, determinant 11 3 and minimum 4. For all lattices U −1 no proper overlattice of index 2 has minimum 4, so L −1 = (2) U −1 and s = n −1 = dim(U −1 ) in all four cases and L 1 contains (2) U 1 as a proper sublattice. In particular we may choose U 1 as an odd lattice of dimension 10 respectively 8 and determinant 11 5 respectively 11 4 . The 11-adic lattice Z 11 ⊗ Z ( (2) U −1 ⊥ (2) U 1 ) = Z 11 ⊗ Z L then determines the genus of U 1 completely. This allows to enumerate the respective genera for U 1 and to construct all candidates for the lattices L 1 as overlattices of (2) U 1 . The lattice L is a full subdirect product of L −1 ⊥ L 1 and is constructed using the gluing strategy described for instance in [12, Remark 2.5] and [17] . The computations are done in the master-thesis [34] ; no extremal lattice is found.
Extremal 3-modular lattices of dimension 36
The existence of an extremal 3-modular lattice of dimension 36 is an interesting open problem. On one hand 36 is the only jump dimension, where the existence of an extremal lattice of minimum 8 is still open. On the other hand such a lattice would yield the densest known sphere packing in dimension 36. The third reason comes from a beautiful observation by B.Gross (see [1, Introduction] for a more detailed explanation): There is a connection between extremal modular lattices of level 7, 3, and 1 based on the following chain of division algebras
where Q is the definite quaternion algebra over Q with discriminant 9 and O is the non-associative Cayley octonion algebra over Q. All three algebras have a unique conjugacy class of maximal orders and we obtain unique embeddings are Z-lattices which are 7-modular of dimension 2m, 3-modular of dimension 4m respectively unimodular of dimension 8m. The sequence of dimensions is compatible to the jump dimensions for the respective p-modular lattices (multiples of 6, 12, resp. 24). For m = 3 one obtains the 7-modular Barnes lattice in dimension 6, the 3-modular Coxeter-Todd lattice in dimension 12 and the unimodular Leech lattice of dimension 24. These three lattices are extremal of minimum 4 and they are the densest (known) lattices in their respective dimension. The same construction is applied to a rank 10 lattice in [1] to obtain extremal lattices of minimum 8 in dimension 20, 40 and 80. For m = 6 it is known that no extremal 7-modular lattice of dimension 12 exists [28] and no extremal 3-modular Z-lattice of dimension 24 is the trace lattice of a Hermitian unimodular Z[ζ 3 ]-lattice (see [8] ). Also for m = 9 the non-existence of an extremal 7-modular lattice in dimension 18 is known [2] , but the discovery of a 72-dimensional extremal unimodular lattice in [21] could nevertheless yield the hope to find a shorter sequence of extremal 3-modular and unimodular lattices in dimension 36 and 72. The dissertation of Michael Jürgens [10] exhibits the possible automorphisms of an extremal 3-modular lattice in dimension 36, whose existence is still open. In particular [10, Section 4.2.3] shows that such an extremal lattice has no automorphisms of order 11, 13, or any prime p ≥ 23 and specifies a unique possible det-type for automorphisms of order 17 and 19 . The paper [12] constructs binary Hermitian lattices over Z[ζ p ] for p = 17 and p = 19 to conclude that such automorphisms do not exist. So we know that the only primes that might divide the order of the automorphism group of an extremal 3-modular lattice of dimension 36 are ≤ 7. As both lattices, L and (3) L # are extremal, this allows us to apply Theorem 5.9 to conclude that the second and the third case is not possible. It remains to deal with the first case. Here the lattice L ζ is in the genus II 24 (3 +12 7 +4 ) (see [10] ) and σ acts with minimal polynomial Φ 7 on L ζ , so we may consider L ζ as a lattice of rank r ζ = 4 over Z[ζ 7 ]. Let M ζ be a maximal even Z[ζ 7 ]-overlattice of L ζ . Then M ζ is an even unimodular lattice of dimension 24 having an automorphism σ with minimal polynomial Φ 7 . There are two such lattices, the Leech lattice Λ 24 and the lattice with root system A 4 6 . For both lattices there is up to conjugacy a unique automorphism σ with the correct minimal polynomial. So L ζ is a sublattice of index p 7 p 3 of one of these two maximal Z[ζ 7 ]-lattices. We first construct all representatives of the isometry classes in the set of sublattices of index p 7 , there are five such isometry classes of Z[ζ 7 ]-lattices of determinant 7 4 (the mass of the genus of Hermitian lattices is 395 345744 ). For all these five lattices we construct all 14, 393, 320 sublattices L ζ of index p 3 of level 21, without testing isometry. None of them has minimum 8. Proof. As explained above we only need to exclude the possibility that the det-type of (L, σ) is [5 − (6, 12) − 6, 3 − (12, 6)]. So assume that we have such an automorphism σ of order 5.
Then the lattice L ζ is in the genus II 24 (5 −6 3 −12 ) (see [10] ). To classify the relevant Z[ζ 5 ]-lattices in this genus we first classify the Z[ζ 5 ]lattices in the genus II 24 (5 −6 3 −4 ). The mass of this Hermitian genus is 577524389/405000000 and its class number is 222. Only 132 of these 222 lattices L have the additional property that min(L #,3 ) ≥ 8/3. For these 132 lattices we compute the maximal ζ 5 -invariant sublattices of index 3 4 that have minimum 8. There are in total 3 isometry classes of such lattices M, all satisfying min(M #,3 ) ≥ 8/3. These three lattices are candidates for L ζ .
For these lattices we computed all the 3-modular overlattices of L ζ ⊥ L 1 where L 1 is one of the three extremal strongly 15-modular lattices from Theorem 4.1. None of the 3-modular overlattices has minimum 8.
The last theorem summarizes our present knowledge. Theorem 8.4. Let σ be an automorphisms of prime order of an extremal 3-modular lattice L of dimension 36. Then the order of σ is 2, 3, 5, or 7. If σ has order 7 then it acts fixed point freely, i.e. with minimal polynomial Φ 7 . If the order of σ is 5, then the det-type of (L, σ) is [5 − (8, 4) − 4, 3 − (16, 2)].
